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Abstract. The second author gave a formula for the elements of the enveloping algebra of 
a Lie superalgebra defined by Gorelik under an appropriate unimodularity assumption. We 
show that this formula is a particular case of a formula for the Jacobian of the exponential 
map of a symmetric superspace. 
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Introduction. 

In her PhD thesis |17j . the second author gave a formula for the elements, in the enveloping 
algebra of a Lie superalgebra, defined by Gorelik [9] under an appropriate unimodularity as- 
sumption. We recall Gorelik's definition. Let fl = flo © 01 be a finite dimensional superalgebra 
over a field of characteristic 0, and a be the automorphism of q such that a(a) = a if a £ go 
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and a(a) = —a if a G 0i. Arnaudon, Bauer and Frappat [T] define the twisted adjoint action 
ad'(a) of a G g in the enveloping algebra U(g) by 

(1) ad'(a)(u) = au — ±ua(a) for u G Z7" (g) - 

Let S(g) be the symmetric algebra and (3 : S(g) — > U(g) be the symmetrization map. The finite 
dimensionaO subspace (3(S(gi)) of U(g) is stable under the twisted adjoint action (see [1]). 
Gorelik [9J proves that if the following unimodularity condition holds, 

(2) str 01 (ad a) = for a G go, 

there exists a non zero invariant of the twisted adjoint action T G (3(S(g±)), unique up to a 
multiplicative constant. We call T a Gorelik element of U(g). The Gorelik elements occurred 
already for osp(l,2) in [T4l[T9] . for osp(l,2Z) in [1] under the name Gasimir ghosts, and in [16J. 
The Gorelik elements play an important role in the representation theory of 0, see in particular 



Formula for Gorelik's elements. Let us describe the formula given in |17j for the Gorelik 
elements. Let q = dimgi. Choose a basis d of the 1-dimensional space S q (gi). Consider the 
algebra S(gi)* dual of the coalgebra S(gi). By duality, S(gi) is a module over 5({ji)*; this 
action is the usual interior product and the map / — ► fd is an isomorphism from S(gi )* to 
S(gi). In particular, to describe our formula means to describe a special element J2 G S(gi)*. 
To do this, we use the generic point of g%. It is the element y = Yl e i xl °f the Lie S(gi)*- 
superalgebra g<S> S(gi)* , where (ej)i<j< g is a basis of gi and (x l )\<i< q is the corresponding dual 
basis of g\. For k G N, we have 

(3) ad k y= ±ade MD ••• ade M fc) x h ■ ■ ■ x^. 

i<ii<i2<"-<«fe<g seSk 



In particular, ad fc y = if k > q. When k is even the space gi is invariant by ad ej s(1) • • • ad e% aW ■ 
We consider the finite sum 

sh(ad |) ad 2 y ad 4 y 

{ ' ad § 24 + 1920 

It is an even invertible endomorphism of g®S{g\)* which stabilizes 01 (8) S(gi)*, We denote by 
J2 G the Berezinian (in this case the inverse of the determinant) of this endomorphism 

of 0i (g> 5(0i)*. We summarize this definition by the notation 

/shfad - x 

(5) j2 = Be ri!1 (-L^ 
Similarly, if k is even, we define 

(6) str 01 (ad fc y)= ± str 01 (ad e isl ■ ■ ■ ad e isk ) x l1 ■ ■ ■ x ik G 5(gi)*. 

I<ii<i2<---<«fe<i2 se5 fc 

The relation Ber(exp(-)) = exp(str(-)) allows to write explicitly the Taylor expansion of J2 in 
homogeneous components: 

(7) J 2 = 1 + - str 9l (ad 2 y) - Stf ^ ^ ^ + Str ^ ^ V) + • 
v ; 24 91 v y; 2880 1152 

For instance, for q = 2 we obtain 

(8) J2 = 1 + — str 01 (— ad ei ad + ad ad e.\) x 1 x 2 . 
We have — see [17] and Corollary 14.31 below: 

Theorem 0.1. Under the unimodularity condition |lj) ; /5(J2<i) is a Gorelik element ofU(g). 



Since gi is purely odd, S(qi) is isomorphic to the exterior algebra of gi (see remark ll.ip . 



(9) 



For instance, for q = 2, if we choose d = e\e<i we obtain the Gorelik element 
) T = \{j{e 1 )j{e 2 ) - j( e 2)j( e i)) + ^rstr 01 (adeiade 2 - ade 2 adei) 



where j '• : g — > U(g) is the canonical injection. 

Occurrence of formal symmetric spaces. The occurrence of the operator — suggests 

a relation with the differential of the exponential map. Indeed, we prove in this paper that 
Theorem \0.1\ is a particular case of a formula for the Jacobian of the exponential map for 
symmetric spaces — in the sense of supergeometry. A natural setting to present this result 
is to consider a Lie superalgebra g over a commutative Q-superalgebra K, and a subalgebra 
f) C Q such that the quotient g/f) is free of finite rank over K. The formal Lie supergroups G, 
H and the formal homogeneous space G/H can be defined by mean of suitable commutative 
K-superalgebras F(G), F(H), F(G/H) of formal functions. Formal supergroups were first 
considered by Berezin and Kac [3]. There exists and we choose a formal diffeomorphism 6 : 
g/f) — ► G/H, or equivalently an algebra isomorphism 9* : F(G/H) — > F(g/h) := S(g/h)* 
— i.e. into the algebra of formal "functions" on g/f), which is an algebra of formal power 
series in a finite number of even and odd variables. In this situation, the dualizing F(G/H)- 
module K(F(G/H)) is defined. It is free of rank 1: in the purely even case (i.e. K = Ko 
and g = go) it is the module of top degree differential forms on G/H, and in general it is the 
Berezinian of the module of 1-differential forms (see [25] and subsection 11.51 below). There is 
a natural action of g in K(F(G/H)) by Lie derivatives, and a natural K-linear isomorphism 
8* : K(F(G/H)) — > K(F(g/b)). The unimodularity assumption reads: 

(10) str /f,(ada) =0 for a G I). 

We show in proposition ^. 3l that condition (flu) is equivalent to the existence of a g-invariant basis 
D G j H G K(F(G/H)). In this case, there is a translation invariant element d & ^ G K(F(g/f))) 
and a function J G F(g/t)), the Jacobian of 6, such that 



We compute this Jacobian in two cases. 

First, we suppose that f) = and that g is a free K-module of finite rank. In theorem I2.1l we 
give a formula for the Jacobian of the exponential map g — > G. The result is not surprising, 
but we think that it is a good introduction to the second case. 

In the second case, we assume that f) is the fixed point set of an involution a of g. We 
write g = f) © q the decomposition of g in 1 and —1 eigenspaces of a. We say that (fl,cr) or 
g = I) © q is a symmetric pair, and that G/H is symmetric. The exponential map is a formal 
diffeomorphism q — > G/H. We prove (see theorem 14.61 below) : 

Theorem 0.2. Suppose that g = f) © q is a symmetric pair, that q is free of finite rank, and 
that condition ^10]) holds. Then the Jacobian of the exponential map q — > G/H is the element 
J G F(q) given by the formula 



where y is the generic point of q. 

We illustrate Theorem 10.21 in two particular extreme cases. 

Example 0.1. Suppose that K = R and that g = go is a finite dimensional Lie algebra. Let G 
and H be connected Lie groups with Lie algebras g and f), and such that H is a closed subgroup 
ofG. Condition / T70j) is equivalent to the existence of a non zero left invariant differential form 
of maximal degree -Dg/h on G/H. It is well known (see for instance |21| ) that its inverse image 



(11) 



0*(D G/H ) = Jd m and J(0) = 1. 



(12) 




&y the exponential map exp : q — > G/H a< a point a € q is equal to detq C^^^ )dq, where 
is a form of maximal degree on q invariant by translations. Since in this case Ber q = det q , we 

recover Theorem \O.S\ by taking the Taylor series of detq( sh ^'^ ) at a = 0. 

Example 0.2. Suppose that IK = Ko is a field of characteristic 0, and consider a finite di- 
mensional Lie superalgebra g = 0o © 01- This is a symmetric pair, and condition U(J\) is the 
same than Gorelik's condition |^). Assuming this condition, we prove in theorem \S.l\ a result on 
induced representations of a Lie superalgebra which says in particular that the image f3(Jd) of 
(3(Jd) in U(q)/U(q)qo is a non zero g-invariant element. We explain in subsection \4-4\ how The- 
orem \0.1\ follows by considering an isomorphism of g-modules from U(g)/U(g)go to the subspace 
P(S(gi)) ofU(g) endowed with the twisted adjoint action. 

In fact, it is better not to assume condition (fTOjl : in general, we twist K(F{G/H)) by a 
suitable line bundle on G/H to get the existence of an invariant element. More precisely, we 
consider the g-module F(G/H, Ber g/f)) coinduced by the rank 1 f)-module provided by the 
character str^ (for the details of these notations, see section [3]). It is a free F(G/ H) -module 
of rank 1, as well as the twisted dualizing module K(F(G/ H),Ber g/f)) := K (F '(G / 'H)) F ( G / H ^ 
F(G/H, Ber g/t)). We prove in proposition ^. 4l that there is a canonical g-invariant basis D G / H G 
K(F(G/ H), Ber g/f)). In Theorem 14.61 we prove formula (fT2j) also in the twisted case. 

Formulas related to the symmetrization map. Our proofs involve many useful formulas 
about the symmetrization 0, in particular how to work with induced and coinduced represen- 
tations in exponential coordinates. We think that they are of interest, independently of the 
present application to Jacobians. In the Lie group case G/H these formulas occur more or less 
explicitly in Rouviere [2TJ[22]. In the case of the symmetric pair g = go gi associated to a 
finite dimensional Lie superalgebra defined over a field of characteristic zero, they are given in 
Koszul [13]. However, our proofs are different. We use the methods of [T7l[T8] : we seek universal 
formidas, that is formulas which can be expressed in the same manner for all symmetric pairs 
g = f) © q. They depend on a finite number of formal power series in IKo[[i]] which must satisfy 
some functional equations. We are lucky enough: these functional equations have solutions 
which are essentially unique, and which are given by explicit formulas. 

Hypotheses used in the text. We assume from the beginning that K contains Q, because the 
main actors of this paper are the symmetrization (3 : S(g) — > U (g) and the related exponential 
map g — > G. But nothing more. Besides the obvious fact that it is better to avoid unnecessary 
hypotheses, adding more assumptions on K (like K being a field, or the weaker assumption 
K = Ko) would not be specially helpful, because, as we have seen in formula (|5|), it is convenient 
to use Lie superalgebras over rings like exterior algebras. 

For simplicity, we state and prove our results involving Berezinians and friends when g/f) 
is free of finite rank, even if they can probably easily be extended to the case when g/f) is 
projective of finite rank, or to a locally free sheaf version of it. For the other results, we suppose 
that f) is a direct factor of g, but we do not require anything more on the K-module structure 
of g or f). 

Working in this generality forces us to write more natural proofs. The drawback is that we 
have to use some results usually stated under the assumption that K is a field. The main one 
is the Poincare-Birkhoff-Witt theorem which states that the symmetrization f3 : S(g) — > U(g) 
is an isomorphism of coalgebras. This one is proved in [8] -see also [T5]. For some others, like 
Blattner's imprimitivity theorem [3], we provide the proofs. 

1. Berezinians and dualizing modules. 

1.1. Notations for modules. In this text, all TL-modules are supposed to be TLjlTL-graded. Let 
M = Mq © Mi be a Z-module. The elements of Mq are called even, and the elements of M\ 



odd. We denote by p(m) G Z/2Z = {0, 1} the parity of an element m, in the following sense: 
whenever the expression p(m) occurs in a formula, it is implicitly assumed that m G M p r m \ . 

Depending on the context, we use the notations idju, id or 1 for the identity map of M. 
We write II for the change of parity functor. Thus (IIM)o = M%, (IIM)i = Mo. We use the 
notations ttm or n for the identity map of M when it is considered as a map from M — > IIM. 

We fix a commutative Q-superalgebra IK = Kq © Ki, associative with unit 1 G IKo (super- 
commutative in the terminology of [151 ch. 3]). 

If M = Mo ffi Mi is a IK-module, we write km = ±mk for k G IK and m G M, where here 
and after, the symbols are implicitly assumed to be homogeneous, and the sign ± is obtained by 
the standard rule of signs (see [TSJ ch. 3.1]). For instance in this case, ± = ( — l)?>( fc M m ). 

If M and N are IK-modules, if IK is clear from the context we write M © N for M ©k N, 
Hom(M, N) for Hom K (M,iV), End(M) for Hom(M,M), M* for Hom(M,K). We recall that 
the IK-structure on HM is defined by 7TM(m)k = nM(mk), i.e. by the requirement ttm S 
Hom(M,nM)i. 

Let M be a free IK-module of finite rank. It is isomorphic to IK P © LTIK 9 for some uniquely 
determined p and q in N. We say that p + q G N is the rank of M. If we need to keep track 
of parities, we say that the rank is (p,q) G N 2 . For instance, a module of rank 1 is isomorphic 
either to K (in this case it is of rank (1,0)) or to ILK (in this case it is of rank (0, 1)). 

Suppose (ej)ie/ is a basis of a free module M of finite rank. In this text we always suppose 
that basis are homogeneous. We denote by (x*)j g / the dual basis of M*: x l (ej) = 5j. If N is a 
IK-module, we identify Hom(M, N) and iV©M* in the usual manner. This identification sends 
id M S End(M) to J2 a © x\ and n M G Hom(M, IIM)i to J2 ^M<Zi © x\ 

1.2. Symmetric algebras as coalgebras. In this subsection, we state the properties of formal 
functions on a IK-module which we shall need in the sequel. For a more detailed exposition, we 
refer to [331120] ■ Let M be a IK-module. We denote by S(M) = ©„> S' n (M) the symmetric 
algebra of M. It is an Hopf superalgebra. 

Remark 1.1. Everything in this article is considered in the super setting. Thus, S(M) is the 
commutative superalgebra freely generated by M. If M is a free WL-module with basis (ej)i<j<„, 
S(M) is equal to the commutative superalgebra K[ei, ... ,e n ] of finite sums with coefficients in 
IK of monomials e^ 1 . . . e^ 1 , with pi < 1 if e~i is odd. 

In particular, if (ei, e q ) is a basis of M consisting of q odd elements, S{M) = K[ei, . . . , e q ] 
is the exterior algebra on the generators e,. It is a free WL-module of rank 2 q . 

We denote by A S(M) G Hom(5(M), S(M) © S(M)) the coproduct, and by S 5(M) : S(M) -> 
S(M) the antipode. Let w G 5*(M), we denote its coproduct by 

We denote by F(M) the algebra S(M)* dual to the coalgebra S(M), and we consider it as 
the algebra of formal IK- valued functions defined in a formal neighborhood of G M. We denote 
by 5 : F(M) — > IK the map defined by 5(f) = /(l). It is a morphism of IK-superalgebras, and 
we consider it as the "evaluation at G M". Let 5+(M) = ker5. Thus 5+(M) = ffi n>0 5 n (M). 

Let iV be a IK-module. We denote by F(M,N) = Hom(5(M), N) the space of formal N- 
valued functions on M. We identify N with the submodule of F(M, N) consisting of the 
"constant functions", that is the functions which are zero over S* + (M). We still denote by 
5 : F(M, N)^N the map defined by 5(f) = f(l). 

The space F(M, N) is an F(M)-module. More generally, if \i : Ni © ./V2 — ► N is a map of 
K-modules, there is a corresponding map jj, : F(M,N±) ®f(M) F(M,N2) — ► F(M,N), defined 
by the formula 



(13) 



® h) = H o (h © f 2 ) o A S(M) , for h G F(M, Nt), f 2 G F(M, N 2 ). 



Depending on the setting, there are various notations for /i(/i <S> $2)- For instance, if N is 
a Lie 5C- super algebra with product [rai,^] = n{n\ ® 712), we usually employ the notation 
[/i>/2] = fi(fl ® /a), which gives to F(M,N) a Lie i ? (M)-superalgebra structure. Similarly, if 
iV is an associative algebra with product n\U2 = [i{n\ ® 722), we usually employ the notation 
/1/2 = ® /2). 

However, in the special case iV = S(M) we also use the notation f\*fi = <8> /2)- Indeed, 
it is the traditional notation (see e.g. [20J), and it helps to avoid confusions with the composition 
of maps in F(M, S(M)) = End(5(M)), which is a different associative product. The constant 
function 1 G F(M,S(M)) is the unit for the product *. The identity id S (M) e End&(S(M)) 
and the antipode Ss(m) £ EndK(#(M)) are mutual inverses for the product *. 

Let <f> G EndK(5 r (M)). We use the notation = (^idg^) and we denote by ^ its transpose 
acting (as a derivation) in F(M,N). For w G S(M) and g G F(M,N), we have: 

(14) c^(to) = ^ <p(wi)Wi and ^(ff) = ±3 c^. 

Note that any ^ G Endj^S^M)) is of the form tp = c<f, with <f> = S$(m) * i*- We consider 
particular cases. 

i) Let / G F{M). Then (/ G End K (F(M, N)) is the left multiplication by / which 
defines the F(M)-module structure of F(M,N). Thus we just write fg = C/(<?) f° r 
g G F(M,N). Accordingly, for w G S(M), we also write fw for Cf(w). This provides 
S(M) with a structure of F{M) -module. 

Note that if / G M*, then c/ is a derivation of S(M), it is the derivative in the 
direction /. So, for a general / G F(M), c/ may be thought of as an infinite order 
differential operator with constant coefficients on S(M). However, in this paper, we 
prefer to consider Cf(w) as "the product of the distribution w by the function /". 

ii) Let to G S(M). Then c w is the left multiplication by to. Thus, for / G F(M,N) and 
to' G S(M) we have: 

(15) u/)K) = ±/(W). 

We consider ( w as a constant coefficient differential operator on F(M, N). In particular, 
for m G M, £ m is the derivative in the direction m. 

The space F(M,M) C End(5(M)) is called the space of formal vector fields on M. Let 
a G F(M,M). In this case c a is a coderivation of S(M) and Ca a derivation of F(M). For a 
and /? in F(M,M), we have (see [THIHT] ): 

(16) [c a , 0/3} = -c 7 and [( a , C/3] = C 7 > where 7 = Co(/?) - ±C/3(«)- 

We denote by xm the identity map of M, considered as the element of F(M, M) which is 
on S n (M) for We call it the generic point of M. 

1.3. Functional calculus. Let M and iV be US-modules. We say that a family (fi)i£i of 
elements of F(M,N) is locally finite if, for all w G S(M), the number of elements i £ I such 
that fi(w) 7^ is finite. In this case, we denote by 

(17) 53/i€F(M,JV) 

iei 

the element such that 

(is) (I>)W = E^H for w e ^ M )- 

Let A be an associative IK- super algebra with unit 1 G Ao, and M be a K-module. Let us 
consider an X G F(M, A) such that S(X) = 0. For to G S k (M), we have X n (to) = for n > k. 



kj ± ivj.iv.lj_l/ j. ±»,±v^ ± / \ i ll.k) niiL; viv/ll i i / i i \ uivii_/ii jl _j 



Thus, for / = E n > /n*" G Ko[[*]] we can define /(X) G F(M,_4) by the locally finite sum 

(19) f(X) = J2fnX n . 

n>0 

The rules of functional calculus apply: / — > /(X) is a Ko-algebra homomorphism, and S(f(X)) = 
f . Moreover, if 3 G Ko[[*H verifies g Q = 0, then f(g(X)) = f o g(X) where / o g G K [[*]] 
is defined by / o g(t) = f(g(t)). In particular, (1 + X)" 1 := £ n > (-l) n X™, log(l + X) := 

En>o(~-') n+1: T an( ^ ex P(^) := En>o are defined. We shall need the following standard 
supplement to the functional calculus in subsection 12,31 

Lemma 1.1. Let a G F(M,M), f(t) G Ko [[*]], and X G F(M) 6e smc/i _/iai = 0. TViera 
Uf(X)) = f'(X)UX). 

Proof. We leave to the reader to check that it reduces to the case f = t n and to the fact that 
( a is a derivation. □ 

Lemma 1.2. Suppose that N is a free ^-module of finite rank (p,q). Then F(M,N) is a free 
F{M)-module of finite rank (p,q). Let (<j>i)iei be a family of elements of F(M, N). Then it is 
a basis of F(M, N) if and only if the family (5(<pi))i^i is a basis of N. 

Proof. The inclusion N C F(M,N) induces an isomorphism F(M) ® N ~ F(M,N). Let 
Vi := 6((f)i). Obviously, if (4>i)i£i is a basis of F(M, N) then (v{)i e j is a basis of N. Conversely, 
suppose that (uj).e/ is a basis of N. By the inclusion N C F(M,N) it is a basis of F(M,N). 
Write (pj = ~Yl v i9) with G F(M). The square matrix g := (<?!■) is even. The matrix 
5(g) is the identity /. By functional calculus g is invertible with inverse (I + (g — = 
I + (7 - g) + (I - g) 2 + ■■■ . Thus Oi)i€/ is a basis of F(M, N). □ 

1.4. Berezinians and supertraces. In this subsection, we consider a K-module N which is 
free of finite rank. 

Inside the commutative superalgebra F(N, S(TLN)) we consider the subalgebra S(HN) (g) 
S(N*) = S(UN®N*), and we still denote by n the element of S(UN®N*) which corresponds 
to 7T G Hom(_V,n_V). We have vr 2 = 0. Following Manin [El ch. 3.4], we define the Berezinian 
of the module N 

(20) Ber K (iV) := ker vr/ im vr 

as the homology of the multiplication by tt in S(UN © N*). We write Ber N or Ber(iV) for 
BerK(iV) if K is clear from the context. 

Let (ei)i<j< n be a totally ordered basis of N, and (x' l )i<i< n be the dual basis of N*. We 
have 7r = ne i % l ■ Let b{ = irei if ej is even, and bi = x l if e« is odd. The element b± ■ ■ ■ b n G 
S n (UN N*) is annihilated by vr. We denote by 

(21) D( ei ,...,e n ) =b 1 ---b n mod nS (UN ® N*) 

its class in Ber (AT). We recall the following fundamental fact from Manin (T5J ch. 3.4.7]: 

Lemma 1.3. The K-module Ber(iV) is free of rank 1, with basis D(e\, . . . , e n ). 

The module Ber(iV) is a generalization of the top part of the exterior algebra in the free 
ungraded situation. Indeed, when K = Ko and N = No is free with a finite basis (ej)i<j< n 
consisting entirely of even elements, then Ber(iV) is the top degree part of the exterior algebra 
of A . 

Remark 1.2. Manin's definition of the Berezinian module is in fact WBer(N), where (p,q) 
is the rank of N — see |15l ch. 3.4.7]. In our presentation, there is no advantage in doing this 
change of parity. 



ivi± ±± i_vu i J \j ±- 1 1 v ./ nil i y uivin.ii vj uun ± _i_ n - \ v v < i 



If A is an associative algebra with unit, we denote by A x the multiplicative group of invertible 
elements. We denote by GL(N) = End(iV)o the group of even isomorphisms of N. The natural 
action of g G GL(iV) in Ber(iV) is by an even invertible scalar Ber(g) G Kg (or Berjv(g) if we 
need to specify) called the Berezinian of g. 

Similarly, the natural Lie action of X G End(iV) in Ber(iV) is denoted by str(X) (or strjvPO), 
and str G End(iV) is a 1-dimensional representation of End(iV) (considered as a Lie superal- 
gebra) called the supertrace. In terms of a basis, we have (see [I5j ch. 3.3]) 

(22) str(X) = J2i- 1 ) P(eiKp{ei)+PiX))xi ( Xe i)- 

Berezinian modules have functorial properties which are obvious on the level of the defining 
complexes: Ber(iV) ~ Ber((LTiV)*), Ber(iV N') ~ Ber(iV) <g) Ber(iV'). Moreover, if K' is a 
commutative K-superalgebra, we have a canonical isomorphism 

(23) Ber K , (N ® K K') ~ Ber K (iV) ® K K'. 

It is less obvious that there is a natural duality between Ber(iV*) and Ber(iV): 

Lemma 1.4. There exists an unique K-bilinear map <•,•>: Ber(A^*) x Ber(iV) — > K such 
that, for any basis (ej)i<j<„ of N, denoting by (x l )i<j< n the dual basis of N* , we have 

(24) < D(x n ,...,x l ),D( ei ,...,e n ) >= 1. 

Remark 1.3. Note that we reversed the order of the basis of N* to avoid signs. The following 
computational proof of lemma 1.4 is not very informative. It would be interesting to replace it 
by a more categorical argument. 

Proof. The lemma is equivalent to the following formula: 

(25) Ber(g) = Ber(g*) for g G GL(N), 

where g* G End(iV*) is the transpose of g. This identity is given in [15j ch. 3.3.6]. □ 
In other terms, there is a canonical isomorphism 

(26) Ber(iV*) <g, Ber(iV) -> K. 
We denote by 

(27) d := D(x n , x 1 ) ® D(e u e n ) G Ber(iV*) ® Ber(A^) 

the inverse image of 1, and we call it the canonical element. 

Let M be a IK-module. Since N is free of finite rank, the injection N C F(M, N) induces 
isomorphisms F(M) <g> N ~ F(M,N) and F(M, End K (A r )) ^ End F(M) (F(M, N)). Let X G 
F(M, EndK(^V))o be such that 5(X) = 0. We have (see [EJ ch. 3.3] for a similar statement): 

(28) Ber F(M)7V) (exp(X)) = exp(str F(M)JV) (X)). 

Note that the two sides of this equation are well defined elements of F(M). For the left 
hand side, this is because exp(X) G GL(F(M,N)). For the right hand side, this is because 
5(str(X)) =0. 

Consider in addition r = ^2 n>0 r n t n G Ko[[i]] such that ro = 1. Since 5(r(X)) = 1, the 
element r{X) is invertible and has a Berezinian Ber(r(X)) G F(M). Define w = log(r) G 
iKo[[i]] by the formula: 

(29) w = log(l + (r - 1)) = (r - 1) - ^ ~ ^ + • • • = n t + (r 2 - ^-)t 2 + ■ • • 

By functional calculus, we have r{X) = exp(w(X)) and, using (f28l) . we find 

(30) Ber(r(X)) = exp(str(wpf )). 



1.5. Dualizing modules. Let y ,...,y n be formal even or odd variables. We denote by 
IKffy 1 , . . . , y n ]] the superalgebra of formal series, that is the commutative superalgebra of formal 
sums with coefficients in K of monomials (y 1 )" 11 • • • (y n ) m ™, with mi G N, and rrij < 1 if y % is 
odd. If p is the number of even variables and q the number of odd variables, we say that the 
dimension of IKffy 1 , . . . , y n ]] is (p,q). We denote by 5 G Hom(lC[[y 1 , . . . , y n ]], K) the algebra 
homomorphism which is zero on the y % . 

Remark 1.4. Let K be a field. Then the algebra Kffy 1 , . . . ,y n ]] is local, and 5 is its unique 
algebra homomorphism with values in K. As we prefer not to make this assumption on K, we 
specify 5 and consider IKffy 1 , . . . ,y n ]] as an augmented algebra. 

Augmented algebras. Recall that an associative IK- superalgebra A with unit is called 
augmented if it is provided with a IK-algebra morphism 5 : A — > IK, the augmentation. We use 
the notation A + = ker 5 C A. The map 5 induces an isomorphism A/A + ~ K and provides K 
with an A-algebra structure. 

We provide A with the A + -adic topology: a linear endomorphism X G End(A) is continuous 
if for all n G N, there exists m G N such that X((A + ) m ) C (A + ) n . The A-module of continuous 
derivations of A is denoted by T(A). A linear form w G A* is continuous if there exists n G N 
such that w\rj^+\ n = 0. We denote by A* C A* the continuous dual (it is also called the space 
of distributions with support {d~}). 

If V is an A-module, we consider the IK-module V := V/A+V = V (Su IK, and we denote by 
5 = idy (g)yi5 the quotient map V — ► V. We denote by a the K-module of ^-derivations A — ► K. 

Example 1.1. (Basic example). Let A = K^y 1 , . . . , y n ]] . We use the notation for the 

continuous derivation ofK^y 1 , . . . , y n \] such that = Sj . These derivation form a basis of the 

Kflj/ 1 , . . . , y n ]]-module T(K.[[y 1 , . . . , y n ]]). The elements := ( — l) p ( yl )<5 o provide a basis 

of a. The images of y l in A + /(A + ) 2 form the dual basis of a* , and the module ©™ =1 JSy* is a 
supplementary factor for (A + ) 2 in A + . 

Definition 1.1. We say that an augmented K- superalgebra A is formally smooth of dimension 
{Pi q) if H is isomorphic to an augmented algebra Kffy 1 , . . . , y n ]] of dimension (p, q). 

Thus, if A is formally smooth, the choice of an isomorphism 9* : A —> K^y 1 , . . . , y n ]] is 
equivalent to the choice of the corresponding elements x l := 9*^ 1 (y l ) G A + . We write A = 
K^x 1 , . . . ,x n ]], and call the family (ac i )i<i< n "a system of local coordinates at the point {5}". 

The dualizing module of a formally smooth augmented algebra. For the rest of 
this section, we consider a formally smooth augmented IK- superalgebra A of dimension (p,q). 
Thus o is free of rank (p, q) over IK and T(A) is free of rank (p, q) over A. The space A* is a 
cocommutative coalgebra with counit 5, and A can be identified to the dual of A*. 

The dual Hom^(T(A),A) is denoted by Sl\ v (A): it is the space of even 1- differential forms. 
We denote by Q X (A) the space 1117^: it is the space of 1- differential forms. For / G A, we 
denote by d ev f the element of Ql v (A) such that T(A) 3 ( i— > ±((f), and df := ird ev f G fi 1 (A). 

Following [25J, we define the dualizing module K(A) by the formula 

(31) K{A) = Ber A (nl v (A)). 

It is a free A-module of rank 1. 

Let (x*)i<j< n be a choice of local coordinates at the point {5}. The family (d ev x l ) is a basis 
of Vl\ v {A) with dual basis of T(A) the vector fields -J^. Recall that — see formula ([2T1) — the 
class of b± ■ ■ ■ b n , with bi = dx l if x l is even, or bi = -J^ if x l is odd, is a basis of K{A) which is 
denoted by D(d ev x 1 , . . . , d ev x n ). 

Thus, the IK-module K(A)/A+K(A) is free of rank 1. 
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Remark 1.5. Since 5 : Sl\ v (A)/A+Sl\ v (A) — > a* is an isomorphism, we obtain from (2 Sty an 
isomorphism 

(32) 5 : K(A)/A+K(A) -> Ber K (a*). 

In coordinates, for (ft £ A, we have 5(D(d ev x 1 , . . . ,d ev x n )(p) = D(x x , . . . ,x n )5((j)). 

Tensorial modules and divergence. Recall that T(A) is a Lie K-subalgebra of Endue (A). 

Definition 1.2. We say that an A-module V endowed with a T (A) -module structure is a T(A) — 
A-module if we have 

(33) C(fv) = C(f)v ± f((v) for all f G A, v G V, C G T(A). 

The action of £ is called the Lie derivative with respect to £ in V, and is traditionally denoted 
byC((). 

If V is a T(A) — A-module, so are the module ITV and the dual V* = Hom^V, A), each one 
with the natural actions. If V and W are T(A) — A-modules, so are V ®a VV and Hom^(V, W), 
with the natural actions. 

For instance, A with the Lie derivative £(C) = C is a T{A) — A-module. 

Example 1.2. Another important example for this text is T(A), with the Lie derivative £(C) = 
ad(C). 

It follows that the tensor spaces, obtained from Vt\ v {A), Q 1 (A) = YWl\ v {A), T(A) and TIT(A) 
by taking tensor products over A and T(A)-invariant subquotients, are naturally T(A) — A- 
modules. We call these T(A) — A-modules tensorial modules. 

Remark 1.6. In particular, since ir G }IomA(Ql v (A) , ft 1 (A)) is annihilated by the Lie deriva- 
tives, K(A) inherits a Lie derivative and is a tensorial module. 

We shall need the following relation (see [12J for a similar statement): 

(34) C(fQ(D) = fC(C)(D) ± ((f)D, for / G A, ( G T(A), D G K(A). 

Let D G K(A) be a basis. The divergence divo(C) G A of ( G T{A) with respect to the basis 
D is defined by 

(35) C{Q{D) = d\v D {C)D. 

Invariance by translation. Let M be a free IK-module of finite rank (p,q). We specialize 
to the case A = F(M). Let (ej)i<j< n be a totally ordered basis of M, and (x*)i<j< n the 
corresponding dual basis of M*. This provides an identification F{M) = K^fx 1 , . . . ,x n ]], and 
F{M) is formally smooth with local coordinates (x l )i<j< n . 

We say that an element d G K(F(M)) is invariant by translations if C(( m )d = for all 
m G M (Cm is the derivative in the direction m defined in (fT5l) ). 

Lemma 1.5. The W-submodule of K{F{M)) of elements which are invariant by translations is 
free of rank 1. A basis of this module is also a basis of K(F(M)) considered as an F(M) -module. 

Proof. In coordinates, D^devX 1 , . . . , d ev x n ) is such a basis. □ 

For a basis d invariant by translation, we write simply div for div^. Let XX*^r be a 

derivation of K[[x , . . . , x n ]]. The following well known formula follows from invariance by 
translations and formula ([Ml) : 

(36) av(E<'^H£±£. 

Isomorphisms of augmented algebras. Let A and B be two formally smooth augmented 
superalgebras and 9* : B — > A an isomorphism of augmented algebras. By transposition, 



0* induces an isomorphism of Lie K-superalgebras 0* : T(A) — > T(B), and of IK-modules 
6»* : ^(-B) -> nl v (A). We denote also by 9* : T(B) — ► T(A) the inverse of the map 0*. This 
induces K-isomorphisms 0* between various tensor spaces related to B and A, and in particular 
a bijection 

(37) 9* : K{B) -» if (A) 
which satisfy the relations 

(38) 0*CM = 9*{f)9*(uj) for f € B and w G K(B), 

(39) 0*(Cw) = 0*(C)0*M for C £ and cj G K(B). 

1.6. Dualizing modules and duality. Let A be a formally smooth augmented superalgebra. 
Among the many possible tensorial modules, the dualizing module K(A) is specially important 
because of its role in integration and duality. This is explained in the case of supermanifolds 
(algebraic, complex analytic, smooth) in [TSIIMIES]. In our formal context, see the work of 
Chemla [5H7]. To study Gorelik elements, we need only the simple particular case which we 
describe below. 

Assume that A has dimension (0, q). Let x^,...,x q be odd coordinates. We have A = 
Klx 1 , . . . ,x q ] — in this case formal series are polynomials. As a K-module, A is free of finite rank 
2 q . It implies that the dual A* is equal to the continuous dual A*. We have K(A) = S q (T(A)). 
Recall that the vector fields g|r> • • • , gf? are a basis of T(A). Any element of K (A) can be 
written in an unique manner as jpr • • • 4> with <fr G A. Berezin integral J : K{A) — > K is 
defined by the formula 

d d _ j. / d d . 
dx 1 dx q \ dx 1 dx q 



(40) 



The main point, due to Berezin, is that Berezin integral does not depend on the choice of 
the coordinates x l ,...,x q . Berezin integral provides an isomorphism of T(A) — A-modules 
ipA : K(A) — > A* by the formula 

(41) ^iM(0) = f u<f> for uj G K(A), (f> G A. 



The choice of coordinates identifies A and 5(a)*, and A* and 5(a). We write tpA using this 
identification, and the elements ej G a such that x^{ei) = <5| — note that ej = — 5 o 

Lemma 1.6. We have 

Ms?-^) = (-i}'«-^- 

Proof. Since ifiA is a morphism of A modules, it is sufficient to prove the lemma for (f> = 
1. We have ^(afr ' ' ' af?)(^') = if 0' G Kfx 1 , . . . , x 9 ] is of degree smaller then g, and 
^A(gfr ' " " af?)^ 9 ' ' ' xl ) = 1- This proves the lemma. □ 

Let B another augmented algebra and 9* : B — > A and isomorphism of augmented algebras. 
It is the transpose of a coalgebra isomorphism 9 : A* — > B*. Recall from ([37]) the isomorphism 
0* : K{B) -> #(>!). 

Lemma 1.7. We /iat;e -05 = o ^ o 0*. 

Proof. For u; G K(B), we have J 0*(w) = J uj. The lemma follows from (|3*5|) . □ 
2. Dualizing modules on formal Lie supergroups. 



Let = 0o © 01 be a Lie K-superalgebra, and U(q) be its enveloping algebra. We denote by 
j : — > U(q) the canonical map. Since Kq contains Q, j is injective (cf. [SlfTH]). 
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2.1. Enveloping algebras as coalgebras. We use the notation U + (g) for the ideal generated 
by 0. 

Recall that U(g) is a cocommutative Hopf superalgebra. For u G U(g), we write 

(42) A u(fl) («) = 5]ui®u{ 

for its coproduct, and we denote by Su( s ) ■ U(g) — > U(g) the antipode. We use the notation 
F(G) for the commutative superalgebra U(g)* (dual of the commutative coalgebra U(g)) pro- 
vided with the augmentation 5 : f — ► /(l). This can be considered as the definition of a formal 
Lie supergroup G: F(G) is the space of formal functions defined in a formal neighborhood of 
1 G G, and S is the evaluation at 1. 

For a K-module N, we define in a similar way F(G, N) = Hom(U(g), N), considered as the N- 
valued functions on G. As in subsection ll.2l F(G, N) is an F(G)-module, and, if \x : Ni <8> N2 — > 
N is a map of IK-modules, there is a corresponding map jl : F(G,N\) <8>f(M) F(G, N2) — ► 
F(G,N). In particular, if N is a i'T-superalgebra, F(G,N) is an F(G)-superalgebra. 

If fi and f'2 are in End([/(g)) we use the notation f\ * fi for the product in F(G, U(g)) = 
End(£7(fl))- Formulas (fT4"l) generalize in two versions, one for left and one for right action. Here 
are the details. Let <f> G End(J7(g)). We use the notation = (f> * idu($) and we denote by 
the transpose map acting in F(G,N). For u G U(g) and g G F(G,N), we have 

(43) cj(«) = ]T 0(«<)«J and $(&) = ±5 o cj. 

Similarly, we use the notation = idj/( g ) *4> and we denote by the transpose map acting in 
F(G, N). Thus we have 

(44) cJCtt) = J] ±1^(1$ and = ±5 ° cj. 

Note that = 5[/( ) * = * 5^, and that = id c/(g)) * S u{g y 

Let v € C/({|). We denote by l v the left multiplication by v in U{g). Identifying v with the 
constant function on G with value v we get = l v . Similarly, c%{u) = ±uv, is the right 
invariant differential operator whose evaluation at 1 is equal to v, and Q% is the left invariant 
differential operator whose evaluation at 1 is equal to v. For a G 0, we will simply write 

I 'a ■= lj(a), Ca '■= (j( a ) and Ca := Cj( a )- 

Let / G F(G). Identifying it with a scalar valued element of End(f7(g)), we get = c^. 
This provides U(g) with a structure of F(G)-module. Accordingly, for u G U(g), we also write 
fu for Cf(u). 

An element a G F(G, 0) is called a vector field on G. 
Remark 2.1. .Bo£/i C« and Ca are elements of T(F(G)) . 
Let (3 £ g) be a vector field. We have 

(45) [C $ = C? with 7 = CM - ±C P p (a) + [a, 0\, 

(46) $ = C 7 A ' with V = C^(/3) - ±$(«) " [«, /3], 

(47) [C A , C|] = C p - ±C 7 A 2 , with 71 = C'(/3) and 72 = $(«)• 

These formulas include as particular cases formulas (fl~6l) when is commutative, and the for- 
mulas [Ca,C 6 P ] = C[a, 6 p [Ca>Cb A ] = — C^b] and [C« , Cft] = for a G and 6 G 0. We have similar 
relations for the coderivations c a and c„ of C/(fl). We note the following classical proposition. 

Proposition 2.1. The map a — > c« «s an isomorphism from F(G,g) to the space of coderiva- 
tions of U (0) . 



Proof. Since K contains Q, g is the subspace of primitive elements of U(g). As in [20j theorem 1], 
this implies the proposition. □ 



2.2. The exponential map of a formal Lie supergroup. Recall from f8], [18] that the 
symmetrization j5 : S(q) — > U(g) is a coalgebra isomorphism such that (3(1) = 1 and (3(a) = j(a) 
for a G g. 

Remark 2.2. The transpose map j3* : F(G) — > i^(s) «s an isomorphism of augmented algebras. 

We denote also by /?* : F(G, AT) -» F(g, A) the map defined by (3*(g) = go(3 for g G F(G, A). 

We consider f3 as a formal diffeomorphism from a neighborhood of 6 g to a neighborhood 
of 1 G G. This is the formal analog of the usual exponential map. It can also be written as an 
exponential in our formal setting: extend j to an element of the algebra F(q, U(q)) by assigning 
the value zero on S n (g) for The sum exp(j) = X^n>o 1S l° can y finite and (3 = exp(j). 

2.3. The generic point of a Lie superalgebra. In this subsection, we collect some results 
on F(g) needed later. We write simply x = x s G F(q,q) the generic point of g. 

We consider adx G Endp ( )(F(g, g)). For p = ^ n>0 p n f G Ko[[i]], we can define p(&dx) G 
End^( s )(F(g, g)) by a locally finite sum as in (fT9|) . For any vector field a G F(g,g), we obtain 
a new vector field p(adx)(a). As in [18], the vector fields 

(48) p(&dx)(a) = ^ j> n ad™(x)(a) with a G g, 

n>0 

their corresponding coderivations c p ^ x ^ a ^ of 5(g), and the transpose operators Cp(adx)(a) of 
F(g,N) (A is a K-module), play a special role. We recall how to compute p(adx)(a). Let b\, 
b%, , . . , b n in g. We have (see [18J) 

(49) p(&dx)(a) :bf-b n ^p n ^2 ±ad6 s( i) • • • ad6 s(n) (a). 

s£S„ 

In the rest of this section, we suppose that g is free of finite rank. The Lie superalgebra 
F(q,q) = g <8> F(q) is free of finite rank over F(g). Thus, the divergence div(C p ( a dx)a) £ ^(fl) 
of the derivation associated to the vector field p(&dx)(a) is defined in (|36l) . Similarly, for 
w G Ko [[£]], the function str(u>(adx)) G F(g) is defined. We state some results relating these 
objects. 

Proposition 2.2. 

. , . . /p(adx) — p(0) 

(50) div(Cp( ad x)a) = -str I — ada 

Proof. It is sufficient to prove it for p(t) = t n . We pick a basis (e{)i & i of g and the corresponding 
dual basis (x*)j g / of g*. Let ( ei the derivative in the direction ej. We have 

(51) Ce,(ad n (x)(a)) = Y ad p (x) ad(ei) &d q (x)(a) 

p+q=n— 1 

= ^(x)([e i ,^(x)(a)}) 

p+q=n— 1 

= - Yl ad p (x)ad(ad 9 (x)(a))( ei ). 

p+q=n— 1 

Applying formula (f36l) . we get 

(52) div (C ad "( x )( a) ) = -str Yl ad p (x)ad(ad f '(x)(a)) 

\p+ij=ra-l 
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Using the notations X := adx, ^4 := ada and the relation ad(ad n (x)(a)) = ad n (X)(^4), we 
obtain 

(53) div (Cad»(aO(o)) = — str I £ X*ad«(X)(A) 

Let Z and r be the left and right multiplication by X in End^( )(-F(g, g)). Since adX = / — r, 
we obtain 

(54) div (C«H*)(a)) = - str I £ l*(J - r)*(A) J . 

\p+q=n-l J 

For all Y € End F(g) (F(g, g)) we have str((/ - r)Y) = sti(XY - YX) = 0. We obtain 

(55) div (Cad»(x)(a)) = -str^" 1 ^)) = - str (ad"" 1 (x) ad a) , 

which is what we want. □ 
Proposition 2.3. 

(56) Cp(aAx)(a) (str (w(&dx))) = str(p(0)u/(adx)ada) . 

Proof. It is sufficient to prove it for w = t n . Using the same notations and arguments in the 
proof of proposition 12.21 we have 

(57) ( P (adx)(a) (str(ad n (x))) = ^ str (ad p (x) ad(p(adx)(a)) ad q (x)) 

p+q=n—l 

(58) = str(X p p(adX)(A)X q ) 

p+q=n— 1 

(59) = Yl str (Fr q p(l - r)(A)) . 

p+q=n— 1 

Since p(l — r) — p(0) is divisible by Z — r, we obtain 

(60) C P (ad,)(a)(str(ad"x))= ^ str (p(O)JM(A)) 

p+q=n— 1 

(61) = Yl str (p(0)^ p+<? ^4) = str(p(0)nX n - 1 A) , 

p+q=n — 1 

which is what we want. □ 

Let r(t) = 1 + r\t + ••• G Ko[[i]]. Since r(adx) is an even invertible endomorphism of 
g (%> F(g), the Berezinian Berr(adx) E F(q) is defined. Recall from (|2"9j) the definition of 
w = log(r). From (j30]) we obtain 

(62) Berr(adx) = exp (str(u>(adx))) . 
Proposition 2.4. 

(63) Cp(adx)(a) (Berr(adx)) = str (p(0)w'(adx) ada) Berr(adx). 
Proof. By lemma fTTTI applied with f(t) = exp(i) and X = str(u;(ad x)), we have 

(64) C P (adx)(a) (Berr(adx)) = C P (adx)(a) (str(w(adx))) Ber r(adx). 

Then the result follows from proposition 12.31 □ 



2.4. The Jacobian of the exponential map. In this subsection we suppose that g is free 
of finite rank as a K-module. The algebra F(G) is formally smooth, and the dualizing module 
K(F(G)) is a free F(G)-module of rank 1. 

Remark 2.3. Let V be a T{F{G)) — F(G)-module (see definition By composing the 

Lie derivative with the representations a — » — and a — » Qa of Q, we get two commuting 
representations of Q in V (recall remark \2.1}) . They are called respectively the left and right 
actions of g. 

Proposition 2.5. The map F(G,q) 9 a — > Ca £ 1~(F(G)) is an isomorphism of F{G) -modules. 
It intertwines the left actions — ane? £(— of a G g. 

Proof. The first assertion follows from proposition 12.11 By definition of the Lie derivative in 
T(F(G)) we have £(Ca)(C£) = [Ca,C£]- Since Ca(a) = 0, it follows from formula g7| that we 
have [C\ C5] = Cy with 7 = Ca(«). □ 

Remark 2.4. 5y duality, we define an isomorphism F(G,g*) 3 \i i— ► u>eu,p £ ^ewC^X^O) ^ 
Uev,p(Ca) = ^( a )- H intertwines the left actions —Q^ an d C(—Ca) o/ a G g. In particular, it 
defines a K-isomorphism g* 9 / — > w^.p ifiio space of /e/f invariant differential forms. 

Let (ej)i<i< n be a totally ordered basis of g, and (x 4 )i<j< n its dual basis. The derivations 
:= Cei form a basis of T(F(G)). Let a;*^ € fig W (-F(G)) be the elements of the dual basis. 
We denote by D p = D(u\ v p , . . . , w"w,o) the corresponding basis of K(F(G)). It is invariant by 
the left action of g in K{F{G)), and (recall (J32J) ) 8D? = D{x l , . . . ,x n ) G Ber(g*). We obtain 
the following result. 

Proposition 2.6. The ^-module of elements of K(F(G)) invariant by the left action of g is 
free of rank 1. A basis of this module is also a basis of K(F(G)) as an F(G)-module. 

Similarly, d := D(d ev x 1 , . . . , d ev x n ) is a basis of K(F(q)) invariant by translations (see lemma 
11.5(1 . and Sd = D(x 1 , . . . ,x n ) G Ber(g*). The symmetrization (3 induces an isomorphism f3* : 
K(F(G)) —* K(F(g)), and the element f3*(D p ) is a basis of K(F(q)). There exists an unique 
J p G F(g) 

(65) (3* (D p ) = J p d. 

Since J p does not depend on the choice of the basis (ej)i<j< n , there is no ambiguity in the 
definition of J p . The function J p is called the Jacobian of the exponential map in the left 
invariant frame. The following formula is well known in the case of Lie groups. 

Theorem 2.1. Let x be the generic point of g. We have 

i g— ad x 

(66) J p = Ber ' 



adx 

Proof. We give two proofs. Both use the notations r(t) = — I — , p(t) = -jr^i and w(t) = 
log(r(t)). 

First proof. As in remark l2~4l replacing G with g, we identify fll v (F(g)) with F(g,g*). We 
recall the formula given in [18] for (3*(ujl vp ) G F(q,q*). We consider r(adx) G F(g,End(g)) = 
End^( s )(F(g, g)) as an element of GL(F(g,g)). Its transpose r(adx)* belongs to GL(i ? (g,g*)) 
and we have (3*(oj l ev p ) = r(adx)*(x' 1 ). By definition of the Berezinian, the Jacobian J p is equal 
to Ber(r(adx)*). The theorem follows from formula (l25l) . 

Second proof. We present this less natural proof for fun, and because it is a simplification of 
the proof of theorem 14.61 below. Let a G g. We recall the formula given in |18j for the derivation 
Co) °f obtained by transporting the derivation — of F(G). We have 



(67) /r(-c a A ) = -c 



p(ad x)(a) • 
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Since p(0) = 1, it is sufficient to show that for all a G q we have 

(68) C(C p{adx)(a) ) (Ber(r(adx))d) = 0. 
By (pM)) and this is equivalent to 

(69) C P (adx)(a) (Ber(r(adx))) + Ber(r(adx))div(Cp( ad x)(a)) = 0. 
By propositions 12.41 and 12.21 this reduces to 

(70) str (p(0)u/(ad x) ad a) - str f P( ad x ) - P(°) ad ^ = 
This identity follows from the relation 

(71) „(0Wt)-^ = 0, 
which is miraculously true: since p(0) = 1, we have 

p(0)w'(t) = -- = — !— - - and iWz£g> _ gkzl - -11. 

FW w 1 - e-* i e* - 1 t t f e* - 1 t 



3. Formal homogeneous spaces. 



□ 



In this section, we consider a Lie superalgebra q and a Lie subalgebra f) C Q which is a direct 
factor: there exists and we choose a K-submodule q C Q such that 

(72) = f) q. 

The following lemma is a straightforward consequence of the fact that (3 is an isomorphism 
of coalgebras. 

Lemma 3.1. Let q = p © q be a decomposition into a direct sum of submodules. The map 
S(p) <g> <S(q) 3 w <8> w' — > (3{w)(3{w') G U(g) is an isomorphism of coalgebras. 

Corollary 3.1. The map (3 : S(q) ® U(t)) 3 w ® u — > (3{w)u G C^(fl) «s an isomorphism of 
coalgebras. 

3.1. Induced and coinduced representations in exponential coordinates. For a G g, we 

recall that the left multiplication Z a is a coderivation of U(g). We denote by l a the corresponding 
coderivation of S{q) ® C/(h). Recall the notation Ag^(w) = © it^ for w G S'(q). 

Proposition 3.1. Ze£ a G g. There exist a a G F(q, q) and 6 a G F(q, h) such that, for w G <S(q) 
and u G U(l)) we have 

(73) r a (it) ® n) = dbiOia a (it)0 ® u + dbtOj (8) j(6 a {w' i ))u. 

Proof. We use the convolution notation for the product in F(q,£(q) ® C/(f))) . Define C G 
F(q,S(q)®*7(f,))by 

(74) C{w) = l a (w ® 1) for w G S(q). 

We have l a (w ® u) = C(u>)(l ® u), and formula (T73l) is equivalent to 

(75) C = (id 5(q) ® idtf (W ) * (a a ® id l/(f)) + id s(q) ®j o a ) = c aa ® 1 + (id s{q) ®j o 8 a ) o A s(q) . 

To prove (TZSD , we argue as in [201 theorem 1]. We define 7 G F(q, S(q)<g>£7(f))) by 7 = (5®1)*C, 
where 5 G F(q, 5(q)) is the antipode of S(q). Since S is the inverse of ids( q ) for the convolution 
product, we have C = (ids( q ) ®1) * 7. Because l a is a coderivation, 7 takes its values in the 
submodule of primitive elements of S(q) ® U{\)). Since K is Q-algebra, this submodule is 
q ®1 + 1® j(f)). We write 7 = a a <8> 1 + 1 <g> j o 6 a with a a G F(q,q) and a G F(q,Fj). □ 
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Remark 3.1. Manageable formulas for the maps a a G F(q, q) and 9 a G -F(q, h) are no„ known 
in general. In the case 1) = {0}, a formula for a a is given in [18J (see ( f6'7j) above). In the case 
of symmetric pairs, we give formulas for a a and 9 a in theorem \4-5\ 

Let (V,x) be an f)-module. We consider the induced representation of g, that is the repre- 
sentation by left multiplication in U(g) <g>j, V. We define 

(76) P x : 5(q) <g> F -> _7(fl) «>„ V 

as in corollary 13.11 For a G g, we denote by Z XjCl the endomorphism of U(g) ®f, V induced by the 
/ a , and by . x>a the corresponding endomorphism of S(q)®V. It belongs to F(q, 5(q) (g)End(V)), 
and it follows from ([751) that . X)(I is given by the formula 

(77) T Xt(L : S{q) 3 w h-> c ao (u;) ® idy + (idg( q ) ®x ° 0a) ° A 5(q) (u;)(l idy). 

The coinduced representation is a representation in the space 

(78) F(G/H,V) :=Hom„([/(g),V), 

that is the subspace of elements g G F(G,V) such that — ± g(uj(a)) = a(g(u)) for a G f) and 
u G £/(g). The action of a G g in F(G/H,V) is the restriction of G End(F(G,V)), we 
denote it by — C x , a - 

It follows from corollary 13.11 that the map 

(79) P x :F(G/H,V)3ct>^ct>°P£F(q,V) 

is bijective. We denote by — Q XA := — /?* o C x ,a o /5* 1 the corresponding endomorphism of 
F(q, V). We denote by x(0 a ) the endomorphism — > ±(x o 9 a g) 0) o Ag( q ) of End»?( q )(.F(q, V)). 
It follows from ([771) that 

(80) -Cx,a = -C aa +X(0a)- 

3.2. The exponential map on a formal homogeneous space. We recall (see formula [78]) 
that F(G/H) is the algebra dual to the coalgebra ?7(g)/C/(g)h, i.e. the orthogonal of U(g)t) in 
F(G). 

The restriction of 5 to F(G/H) is still denoted by 5. It provides K with a structure of 
F(G/H )-module. The augmented algebra F(G/H) is thought of as the algebra of functions on 
the formal homogeneous space G/H, and 5 is "the evaluation at the point 1 G G/H n . 

Note that U(q)/U(q)1) and F(G/H) are the induced and coinduced representations by the 
trivial representation of f) in K. We denote this representation by triv, and we use the notations 
P '■= Ariv and f3* := /3* riv . In this case, 

(81) : 5(q) -> U{fj)/U<&)\) and : F(G/H) -> F(q), 

are respectively a coalgebra and an algebra isomorphisms. The map /? is the formal analogue 
of the exponential map q — > G/H. 

For a G g, we still denote by l a the left multiplication by j{a) in the quotient J7(g)/£7(g)h, i.e. 
la = ^triv.a- We denote by ( a the transpose map in F(G/H). Thus Ca = Ctriv,a is the restriction 
of Ca to F(G/H) C F(G). 

Consider the maps in ([8T[) . For a G g, we denote _ a := -triv,a and — ( a := — Ctriv,a the 
corresponding coderivation of S(q) and derivation of F(q). As a particular case of formulas 
d77j) and ((80j), we have 

(82) l a = c aa and - Co = ~Ca a 
where a a G F(q,q) is the vector field defined in proposition 13.11 
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3.3. Imprimitivity theorem. The following definition is similar to definition 11.21 

Definition 3.1. A g — F(G/ H) -module V is a K-module provided with a structure of F(G/H)- 
module and a structure of g module which satisfy the Leibnitz relation 

(83) a{4>f) = -C X M)f ± 4>{af), for a G g, </> G F(G/H),f G V. 

If V and W are g — F(G/i7)-modules, so are V ®f{g/h) W and Hom^((5/m(V, W). 

Induced and coinduced modules by a representation of f) in a K-module V are naturally 
q — F(G / H)-modules. Indeed: as F(G/H,V) C F(G,V) is stable under multiplication by 
F(G/H), then F(G/H,V) is a — F(G /H)-module. We still denote by 5 the evaluation map 



5 : F(G/H, V) — > V. We remark that we have natural isomorphisms of g — F(G/if)-modules 

(84) (g)Mfl)f> ®f(g/h) F(G/H, V) ~ C/( ) ® b V, 
and 

(85) F(G/H, V) ® f{g ,h) F(G/H, W) ~ F(G/H, V ® W). 



The purpose of imprimitivity theorems is to characterize induced and coinduced modules among 
the g — F(G/i/)-modules. We state such a theorem for coinduced representations in the par- 
ticular simple case we need. 

Let V be a g — F(G/ff)-module. We consider V\> := VCS^c/^) K and the corresponding map 
5 := idv®F(G/H)^ : V — > Vy. The following straightforward lemma provides Vy with a natural 
h-module structure. 

Lemma 3.2. T/ie kernel of 5 in V is stable under the action o/h. 

Suppose also that V is a free K-module of finite rank (p,q). It follows that F(G/H,V) is a 
free F(G/^T)-module of finite rank (p, q). Moreover, the map S : F(G/H,V) — ► V induces an 
isomorphism of f)-modules VF(G/Hy) ~^ V, that is we have 5 = 5. In particular, 

F(G/H,V) ~ F(G/H,V F(G/H>V) ). 

We need a converse to this property, the imprimitivity theorem, due to Blattner [1] (see also 
|23| ) in a slightly different setting. 

Assume that V is free of finite rank as an F (G / H)-module. The K-module V\> is free of the 
same rank. Define a map 

(86) 6 : V -> F(G/H, Vy) by 5{v)(u) = ±5(uv). 

The facts that 5 is well defined, and that it commutes with the actions of g and F(G/H) are 
easy. 

Proposition 3.2. Let V be a g — F {G / H) -module which is free of finite rank as an F(G/H)- 
module. Then 5 is an isomorphism. In particular 

V~F(G/H,V V ). 

Proof. Let ((pi) be a basis of V, and V{ := 5(<pi) G Vy. Then (v{) is a basis of Vy. We have 
5(5(4>i)) = Vi. It follows from lemma [L2l that (5 (fa)) is a basis of F(G/H,Vy). □ 

3.4. Dualizing modules on formal homogeneous spaces. In this section, we assume that 
the K-module q = g/h is free of finite rank (p, q). 

By (|KTj) . the algebra F(G/H) is formally smooth of dimension (p, q) and the dualizing module 
K(F(G/H)) is defined. By definition, it is free of rank 1 as an F (G / H)-module. For a G g, 
— Ca is a derivation of F(G/H). It acts in K(F(G/H)), so K(F(G/H)) is in a natural way a 
g — F (G / H)-module (recall definition 13. ip . The evaluation 

(87) 5 : K(F(G/H)) -> K(F(G/H)) ® F{G/H) K 



is a morphism of f)-modules. It follows that the K-isomorphism K(F(G/H)) ®f{g/h) ^ — 
Ber((g/f))*) given in ([32]) is an isomorphism of rj-modules. It follows from proposition 13.21 that 
the map 5 defined in ([86]) is an isomorphism 

(88) 5 : K(F(G/H)) - F(G/H, Ber(( /h)*)). 

of - F(G/F)-modules. 

For a G f), ad a induces an endomorphism of g/f). We denote by str fl /f,(ada) its supertrace. 
The action of a in Ber g/f) is the multiplication by str fl /f,(ad a), and the action of a in Ber((g/f))*) 
is the multiplication by — str fl /^(ad a). 

Proposition 3.3. The dualizing module K(F(G/H)) has a Q-invariant basis as an F(G/H)- 
module if and only if the unimodularity condition U0\) holds. In this case, the WL-submodule 
of Q-invariant elements of K{F{G / H)) is free of rank one, and a basis of the M,-module of 
Q-invariant is a basis of the F(G / ' H)-module K{F{G / H)) . 

Proof. Let D be an invariant basis of K(F(G/H)). The element S(D) is a basis of Ber(g/f))* 
invariant by f). So ([TO]) holds. 

Conversely suppose that (jTUD holds. Then K(F(G/H)) is isomorphic to F(G/H) -see ([58]) -. 
and the constant function 1 G F(G/H) is an invariant basis of F(G/H). □ 

Remark 3.2. Similarly, the g — F(G / 'H) -module T(F(G/H)) of derivations of F(G/H) is 
isomorphic to F(G/H,q/[)) and the module Q} ev (F (G / H)) to F(G/H,(q/[))*). However, even 
under assumption l!T0\) . there is usually no basis of F(G / H,q/\)) consisting of Q-invariant ele- 
ments. So the simple proof of proposition 1 3. 3\ given in proposition ^. 6\ for the special case f) = 0, 
does not generalize. 

To get invariant elements without unimodularity hypotheses, we consider twisted dualizing 
modules. Let V be an rj-module. We define 

(89) K(F(G/H), V) := K(F(G/H)) ® F{G/H) F(G/H, V), 

and we call it the dualizing module twisted by V. As in (|88l) . there is a canonical isomorphism 
of (recall (ESJ) and (JEEJ) ) g - F(C7/i?)-modules 

(90) K(F(G/H), V) ~ F(G/H, Ber((g/J))*) ® K V). 

We apply this construction to the rj-module Ber g/f). Using the isomorphism ([26]) . we obtain a 
canonical isomorphism of g — F(G/ff)-modules 

(91) K(F(G/H), Ber g/f)) ~ F(G/H). 

We denote by Dq/h the element of K(F(G/H), Ber g/f)) which corresponds to 1 € F(G/H) 
by this isomorphism. 

Proposition 3.4. «J T/ie element D g /h £ K(F(G/ H),Ber g/f)) is Q-invariant and 5 (Dg/h) £ 
Ber(g/f))* (gi^ Ber g/f) is eg«a/ i/ie canonical element d defined in IF?]) . 

T/ie K-module of Q-invariant elements of K(F(G/H),Ber g/f)) is free of rank one with 
basis ~D g /h- 

Hi) T) g /h is a basis of the F(G / 'H) -module K(F(G/H), Ber g/f)). 

3.5. The Jacobian of the exponential map on a formal homogeneous space. We keep 
the assumptions of subsection 13.41 The isomorphism /?* : F(G/H) — > F(q) of augmented 
algebras -see (HI])— induces like in ([3TJ) a K-isomorphism /3* : K(F(G / H)) -> if (F(q)). Since 
the natural action of a G g in F(G/H) is given by the derivation — £ a (see subsection 13. 2|) . the 
natural action in K(G/H) is given by —£(( a ). By ([82]) and ([39]), the natural action of a in 
K(F(q)) obtained by transporting — C(Q a ) by (3* is equal to — £(( aa ). 
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We recall that x is a representation of f) in V. We define 

(92) K(F(q), V) := K(F(q)) ® F(q) F(q, V). 

Because of J38]), the natural map f3* ® /?* : K(F(G/H)) ® K F(G/H, V) -> if (F(q), V) induces 
an isomorphism /3* : K(F(G/H),V) -> -ftT(F(q), F). Recall that the action of a in F(q,V) is 
denoted by — C x ,a- It follows that the action of a in F/(F(q), V) is given by — £(Co a )<S> 1 — 1(8) C x , a - 
From ([80]) we get the following formula for the action of a G Q in F/(F(q), V): 

(93) a(d®<f>) = -£(CaJ(d)®^±(-d® C«.(0) + d®x(fia)W) for d G if(F(q))>G F(q,y). 

We choose a basis d q of F(F(q)) which is invariant by translations (see lemma ll~5[) . An 
element of K(F(q), V) can be written in an unique manner as d q </>, with <f> G F(q, V) — we leave 
out the symbol <S>. Formula (JS3J) specializes (see (|35l) and ([36]) ) to 

(94) o(d q 0) = ±d q (-div(Ca a )^-Ca a (0) + x(e a )(0)) for a € g, G F(q, V). 



We apply these considerations to the F)-module V = Berg/f). We recall (see subsection 13, 4p 
that the action of fj is the multiplication by the linear form \ = str fl /^. We denote by 

(95) d q GF(F(q),Berg/h) 

the canonical element, that is, recalling the definition ([271) the element such that <5(d q ) = d G 
Ber(g/h)* ®Berg/fj. 

An element of K(F(q), Ber g/f)) can be written in a unique manner as 0d q , with <f> G F(q). 
From equation ([Ml) we get 

(96) a(0d q ) = (- div(C a J </> - C aa (</>) + str fl/ „ o9 a 0) d q for a G g, <j) G F(q). 

We defined T>g/h € K(F(G/H), Ber g/h) in proposition 13.41 There exists a function J G 
F(q) such that 

(97) P* stre/t] (B G/H ) = Jd q . 

We call J the Jacobian of the exponential map q — > G/H. A natural problem is to compute 
J. We already did it in theorem 12.11 when f) = 0. In section [4~3l we compute J in the case of 
symmetric pairs. We shall use the following characterization of J, which follows immediately 
from (1361 . 



Lemma 3.3. The function J G F(q) is the unique element o/F(q)o which satisfies 5 (J) = 1 
and such that, for all a G 0, 

(98) + div(C« a ) - str fl/ „ od a = 0. 

Remark 3.3. By proposition \3.3l if the unimodularity condition hlO\) holds, there exists a g- 
invariant basis Dq/jj of K{F{G / H)) . If we ask also for the equality 5(Dq/jj) = <5(d q ) in 
Ber(q*), it is unique, and we obtain, with the same function J than in ffify . 



(99) 0*(D G/H ) = Jd q . 

3.6. Homogeneous spaces of purely odd dimension. We keep the notations of subsection 
13.41 and in addition we assume that dimg/f) = (0, q). We apply the results of subsection 11.61 to 
the algebra F(G/H). 

Since it is free of finite rank, we have F{G/H) if = F(G/H)* = U(g)/U(g)\), and Berezin in- 
tegral provides a canonical isomorphism ipF(G/H) '■ K(F(G/H)) — > U(g)/U(g)l) o{q — F{G/H)- 
modules (see subsection II. 6p . Let V be an h-module. Tensoring with F(G/H,V), we obtain a 
canonical isomorphism K(F(G/H),V) — * U(g)/U(g)i) ®f(G/H) F{G/H,V). Composing with 
the isomorphism ([841 . we obtain a canonical isomorphism of q — F(G/ H) -modules 

(100) k x : K(F(G/H), V) ~ U(g) ®„ V, 



and, using (j90l) . a canonical isomorphism of g — F(G/ff)-modules 

(101) F(G/H, Ber(g/f))* ® \7) ~ {7(g) ®„ V. 

Remark 3.4. 27ie isomorphism U01\) between an induced and a coinduced representation of 
g is well known, see 0EHZ]- It is used in Gorelik's paper (3]. The properties we need in this 
article, that is the relation with dualizing modules and the fact that it is an isomorphism of 
F{G / H) -modules, are explicit in (5Hi_j- 

In particular, using the canonical isomorphism (|26j) . the g — F(G/-ff)-module {7(g) ®(,Ber g/fj 
is canonically isomorphic to F(G/H). We denote by T G {7(g) ®f, Berg/f) the element corre- 
sponding to 1 £ F(G/H). Remember (see proposition I3.4p the definition of the canonical 
element B G/H G K(F(G/H), Ber g/h). We have 

(102) « Btr8/s (D G/ff ) = T. 

We have proved the following proposition, analogous to proposition 13.41 

Proposition 3.5. a) The K-module of g-invariants o/ {7(g) (gif, Berg/f) is free of rank 1 with 
basis T. Moreover, T is a basis of the F(G/H)-module {7(g)®f,Ber g/f), ane? fte map F(G/H) 3 
4> — > T0 G {7(g) ®h Berg/f) is an isomorphism of g — F{G / H) -modules. 

b) Assume condition jilO\) . Then the ^.-module of g-invariants ofU(g)/U(g)t) is free of rank 1. 
_4 basis T of this module is also a basis of the F{G / H) -module U(g)/U(g)t). The map 4> — > T(/> 
/rom F(G/H) to {7(g)/{7(g)f) is an isomorphism of g — F{G / H) -modules. 

Similarly, we have the isomorphism of T(F(q)) — F(q)-modules ipFlcQ '■ ^(-^(l)) ~~ * ^(l)> an(1 
lemma 11.71 gives 

(103) ^F(G/H)=P°^F(q)°P*- 

Tensoring with F(q, V), we obtain a canonical isomorphism 

(104) k x : K(F(q),V) -> 5(q) ® F(q) F(q, V) ~ S(q) ® V. 
Formula (|103l) extends to 

(105) K x = P x oR x op* x . 

We identify q* and (fj/f))*. Since the rank of fj/f) is (0,g), we have Berg/f) = 5 9 (q*). There 
is a canonical element t G S(q) ® Berg/f): in term of a totally ordered basis (ej)i<i< 9 of q and 
of its dual basis (x l )i<i< q of q*, we have 

(106) t = {-l) q ei---e q ®x q ---x 1 . 

Recall the definition ([95]) of d q G K(F(q), Ber g/f)). The analogue of (11021) is the formula 

(107) if*,/, (d q ) = t. 

Recall the Jacobian J G F(q) of the exponential map q — > G/7T (formula ([97]) ). T/ie following 
theorem explains the role of this Jacobian in the study of Gorelik's elements. 

Theorem 3.1. a) We have /3 stI (Jt) = T. 

b) Suppose that condition / TTTJj) holds. Then (3(J e\ ■ ■ ■ e q ) G U(g)/U(g)t) is a basis of the K- 
module of g-invariants ofU(g)/U(g)t), and a basis of U(g)/U(g)t) as a F(G / H) -module. 

Proof, a) From (fl"02l) and (JSZj) we get 

^ B/l (< /( (T)) = Jd q . 
Using the fact that S s t r _ /6 is a F(q)-module isomorphism, we obtain 

^tr fl/l) (4*tr 0/h (^tr gA (T))) = J^str fl/l) (d q ) . 
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We get our formula using (11071) and f!105f) . 

b) Follows from part a) and proposition 13.51 □ 

4. Symmetric pairs. 

In this section, we consider a Lie symmetric pair (5, a) with corresponding decomposition 
= f) e q. 

4.1. Representations by coderivations. Let a G 0. Recall the coderivation Z a = c aa of S(q) 
(formula ([82])). In this subsection, we give a formula for the vector field a a G F(q,q). In fact, 
we do more. Following the method of [IB], we describe all the representations by coderivations 
of q in S(q) which are universal. Informally, this means that they are given by formulas which 
are the same for all symmetric pairs (g, a). Formally, it can be express in functorial terms (see 
|18j). Reasoning as in [18], these representations are of a very special form, and we are led to 
the following considerations. 

We denote by y := x q G F(q,q) the generic point of q. We consider y as the element of 
the Lie F(q)-superalgebra F(q,g) which is on <S n (q) for n / 1, and which is the natural 
injection q — > g on q. The decomposition F(q,g) = F(q, fj) © F(q,q) is a symmetric pair in 
the category of Lie F(q)-superalgebras. For a formal power series p(t) G H5o[M] the element 
p(ady) G End^( q )(i ? (q, g)) is defined by locally finite sums like in (fT7l) . In particular, for a G 0, 
the element p(ady)(a) G F(q,g) is defined by the following formula, similar to ([491) . Let b\, 62, 
. . . , b n in q. We have 

(108) p(&dy)(a) : b x ■ ■ ■ b n i-> _p n ^ ±ad6 s(1) • • • ad 6 s(n) (a). 

We consider two series d(t),p(t) G IKo[[t]] such that p(t) = p(—t) and d(t) = —d(—t). We 

write p(t) = po + p 2 i 2 H G K [[t 2 ]] and d(t) = dit + d 3 t 3 H G tK [[t 2 ]]. Formula (fT08l) 

implies that for a G q we have p(&dy)(a) G ^(q, q), and for a G E) we have d(ady)(a) G ^(q, q). 
In particular, the following definition is meaningful. 

Definition 4.1. For a G q ; we denote by C a (or Cp d0cr «/ we need to specify) the coderivation 
c p(ady)(a) of F{q). For a G f) ; we denote by C a the coderivation CMa.Ay){a) °f F{q). For a G 0, 
we define C a by additivity. 

The bracket [C a , C 6 ] has been computed in [18] , Reasoning as in [18], we obtain the following 
theorem. 

Theorem 4.1. The map a — > Cp dsa is a representation of q in S(q) for any symmetric pair 
(0, o") if and only if the following functional equations hold in ~K[[t, u]]: 

(109) d(u) d{t + u) u - d{t) + d(t) d{t + U \- d{u) = -d(t + „), 

(110) p{u f {t + u) - p{t) + P (t) pit + U) - Piu) = -d(t + „), 

u t 

. .d(t + u)—d(t) .pit + u) — p(u) , . 

Ill p(u)^ y -^+d{t)^ — ^ = -pt + M). 

u t 

Even if we know it in advance, it is remarkable that these functional equations have non 
trivial solutions. 



Lemma 4.1. Let (p,d) be a solution of the equations of theorem \4-l\ 
lfd = 0orp = 0, then (p, d) = (0, 0). 

Assume d / 0. // the first non zero coefficient of d is not a divisor of in Kq, then d = —t 
and po 7^ 0. 
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Proof. The first assertion follows from formulas (jllip and (|110p . 

Formula (|109p evaluated at « = gives d{t) + l) =0. If the first non zero coefficient 



of d is not a divisor of in Ko, the multiplication by d is injective, and we get ^p- + 1 = 0. 

We now assume that d = —t. Equations (|109p and (llllj) are satisfied, and we are left with 
the functional equation 

(112) P {u) p{t + U) u - P{t) +P (t) p{t + U ]- P{u) =t + u. 
Evaluating at u = we obtain 

(113) P0P'(t)+ P (t) P ^ P °=t. 

Suppose po = 0. This gives p(t) 2 = t 2 . Since p(t) £ t 2 K[[i 2 ]], this is impossible. □ 

Lemma 14.11 implies that all the non zero solutions of the functional equations of theorem 14.11 
with coefficient in a field k C Ko are given by theorem 14.21 below. We recall that the Bernoulli 
numbers b n E Q are defined by the generating series = Yl^Lo^ n ^\- For c € Kq , we define 
p c (t) eK [[t 2 }} by 

ft\ °° 2 2n t 2n 1 1 

(114) Pc (t) = t coth (-J = c + E ^^i^yy = c + ^ 2 "45^* 4 + ---- 

n=l 

Theorem 4.2. Lei c E Kq . There exists an unique element p(t) € I£o[[£ 2 ]] s«c/j that p(0) = c 
and such that the pair (p(t),—t) is a solution of the functional equations of theorem \4-l\ We 
have p(t) = p c {t). 

Proof. We repeat the arguments of [IE]. The pair (p(t), —t) is a solution if and only if the pair 
(p(^)c, —t) is a solution. So we assume that po = 1. In this case, according to formula (|113p . p 
will be a solution of the (singular) Cauchy problem 

(115) tp'(t) +p(t)(p(t) -l)=t 2 and p(0) = 1. 

Writing (we forget for a moment that p is supposed to be even) p{t) = 1 +p\t + P2t 2 + . . . , we 
get inductively p\ = 0, p2 = |, and p n in function of the p^ with k < n. This proves that there 
is at most one solution of (|115l) . 

We leave to the reader to check that the function t coth(i) is indeed a solution of the differ- 
ential equation (|115p . and — this is much stronger — of the functional equation (|112p . □ 

Remark 4.1. As in [18J ; theorem 1^1 is meaningful and true without assuming thatWLo contains 
Q, but only assuming that 2 is invertible in K. However, the functional equations have no 
solutions i/Ko does not contains Q. 

Let c G Kq. We denote by a — > a a c the linear map from to the space of F(q,q) of vector 
fields on q such that 

(116) a a c = [a,y] for a £ f), and a a c = p c (ady)(a) for a € q. 
We denote by 

(117) C7 c a := c a a 

the corresponding coderivation of S*(q). It follows from theorem 14.11 and theorem 14.21 that 
C c : a — > C" is a representation of g in S'(q). 

Remark 4.2. We denote by I c the automorphism of the Hopf algebra 5*(q) which is the multi- 
plication by c n in 5* n (q). It intertwines the representations C\ and C c in S(q). Thus, if K is 
a field of characteristic 0, there are, up to equivalence, exactly two universal representations by 
coderivations of g in S(q): the trivial one and C\. 
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Remark 4.3. In term of representations, the equality d = —t means the following. Let a G f). 
Then C" (which does not depend on c) is a derivation of S(q) (of course, by definition, it is 
also a coderivation) . It is determined by the fact that 

(118) C a c {b) = [a, b] for b G q. 

Thus, C" is the natural adjoint action in of a G f) in S(q). 

For a G q and w G <S n (q), formula (|114|) gives an explicit expression for C^(w) G 5(q) in 
terms of the Bernoulli numbers and of the coproduct of w. We give a few terms. For b, b±, b 2 € q, 
we have 

(119) C a c (l)=ca, C*(b) = cab, C c a (M> 2 ) = cahh + 1 ([[a, &J, b 2 ] ± [[a, 6 2 ], 61]) ; 
and for n > 2 and 01, ...,&„ G q, we have 

(120) C«(b 1 ---b n ) = cab 1 ---b n + j- (±[[a,b i ],b j ]±[[a,b j ],b i ]y i ---b l ---b j ---b n + ... 

l<i<j<n 

where the hat symbol means omission, and the non written terms are of degree < n — 2. 

4.1.1. Formidas for and l a and a a . The map a — > C£ extends to an homomorphism of algebras 
u — > C" from U(q) to End(5'(q)). For u G U(g) we write f(u) = C"(l). This defines a map 
f : U(q) — > 5(q) which intertwines the left action of 5 in ?7(g) and the representation Ci. Since 
Cf (1) = for a G h, this gives an intertwining map 

(121) r : tf(g)/C/( B )f) - 5(q). 

The map r can be explicitly written in terms of Bernoulli numbers. For example, for b, b%, b 2 , 03 
in q we have 

(122) r(l) = l, r(j(b))=b, r(j(bi)j(b 2 )) = bib 2 , 

(123) r(j(&i)i(&2)i(fe)) = ft i fo 2&3 + 5 ([[6i, h], h] ± [[h, 63], 62]) • 

For the following theorem, recall the notations a a and l a of proposition 13. II and the notation 

Theorem 4.3. «j T/ie map r «s £/ie inverse of the map {3 : S(q) — > L r (g)/C/(g)h. 
mJ For a G 0, we /iai>e Z a = 
in) For a G 5, we /iai>e a a = af\ 

Proof. The proof of part i) is similar to the proof of Poincare-Birkhoff- Witt theorem in [18J. 
Here is a brief sketch. Let b G qo and n G N. By induction on n, we obtain that T(j(b) n ) = b n . 
Applying this to the generic point y of q in the Lie superalgebra F(q,$j) proves part a). Part 
ii) follows from part i), and part iii) is a rephrasing of ii). □ 

Remark 4.4. When = 0o © 01 is a Lie superalgebra over a field of characteristic zero, and 
f) = 00; the formula l a = Cf is due to Koszul [13]. Presumably, his proof extends to the general 
case treated in theorem \4-3\ However, we think that our method of proof is interesting: it says 
that the properties of Bernoulli numbers which make the theorem true are encoded by the fact 
thattcoth(t) satisfies the functional equation {7jj|). 
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4.2. Induced and coinduced representations. We keep the notations of subsection l4,ll We 
consider in addition a representation % '■ b ~~ > End(F) of f) in a K-module V. 

Let a G g. We give an explicit formula for _ Xj0 denned in (1771) . We follow a method similar 
to the one of subsection 14.11 where we consider the case of the trivial representation of fj in K. 

Let (h, q) be a pair of formal series h = ho + fi2t 2 + • ■ • G Ko[[i 2 ]] and q(t) = q\t + q$t 3 + • • • € 
tKo[[t 2 ]]. We define a linear map g 3 a — > 9 a G F(q, f)) by the formulas 

(124) 6» a = /i(ady)(a) for a G f), and a = q(&dy)(a) for a G q. 

Let c € Kq , and recall the representation C c of g in S(q) (see (|117p ). Following the model 
([771) . we define an endomorphism 0£ G End(»_>(q) <S> V) (or 6^^^ if we need to specify) by 
the following formula: 

(125) G a x (w ®v) = C a c (w) ®v + (id s(q) ® X o e a ) o A 5(q) H(l ® u). 
For example, for a € f), we have: 

(126) e£(l®w) = l®x(fcoa)(u). 

We denote by X the map a — > 0°, and we study when it is a representation. 
Lemma 4.2. i) The map Q x is a representation of g if and only if 

x°(o a ° c b - ±e b o c a c + [e a , e b ] - e [a ' b] ) = o Va, 6 g g. 

m,) T/ie map X is a representation of g /or a// representations x of f) if and only if 
6 a o C c fe - ±0 6 o C c a + [0 a , # b ] - 0^ =0 Va, o G g. 

Proof. We write = X , C = C c , and A = As( q ) for simplicity. 

i) Let to ® v G 5(q) (8) V and a, 6 G g. As C a is a coderivation we get 

= C a o C fe ( w ) ^u + fc^x^'iC^pfljo A(te)(u) + 

+(idOx a o <_7 fe ) o A(u>)(v) + (id ®x ° # a ® X ° # b ) ° (A (g> id) o A(w)(w). 

Since x is a representation we have (x° a ® X° @ b ~ ±x ° b <® x° 9 a ) °A = x°[^, Since 
A is associative and C a representation we have 

[Q\Q b ]{w®v) = 

= C^ b \w)®v+ (id® X °(0 a °C b -±8 b oC a fj o A(w)(v) + 

+ (id® x ° [0 a ,0 b ]) oA(w)(v). 
This formula shows that is a representation if and only if 

(127) (id®x° (6 a oC b -±6 b oC a + [6 a ,6 b ] - 6 [a ' b] ^ oA = Va,6Gg. 

To show that the direct part assertion of the lemma is a necessary condition, it is enough to 
compose 5 <g> idj/( fl ) with the left hand side of (|127p . 

ii) To show the direct part is sufficient to consider a faithful representation x of f), for instance 
the left regular representation in U(t)). □ 

Theorem 4.4. The map ® c ,x,h,q,s,c ^ a representation for any symmetric pair (g, a) and any 
representation x of\), if and only if the functional equations 

(128) - h(t + u) + h(t) + h(u) - h(t)h{u) = 0, 

o(t + u) — q(t) , . q(t + u) — q(u) , . , . . . 

129 ^ ; qK ' p c {u) + ^ ' qK > p c {t) - q(t)q(u) + h(t + u)=0, 

u t 
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(130) g(t) + M^ + n) h(u) pc{t) _ q{t)h{u) = Qj 

are satisfied in Ko[[t,u]]. 

Proof. Let a and 6 in g. For G go, £,i € N, we set 

(tV : [o,6])x = [(adJffa, (adX) j b}. 

We use the same notation for the Lie algebra F(q,g). Thus, for a and b in g, and the generic 
point y G -F(q,g) we get an element (iV : [a, G F(q,g). Let k(t,u) = Ylkijt'' '"u? G Ko [[£,?/]]. 
We define 

(k(t,u) : [a,b]) y :=^%(iV : [a,b]) y GF(q,g). 

This is possible because this sum is locally finite. 

Let us denote h b (t) = h(t) if 6 G f), h b (t) = q(t) if b G q, p b c (t) = p c (t) if b G q, and p£(i) = -t 
if 6 G fj. We have (see [E]) 

a o C° = ^ i ^ —Pc(u) ■■ [a, b]j = \—± '- —p b c (t) : [6, a] 



(h a (t)h b (u) : [a,6]) w 



Lemma 14.21 shows that X is a representation of g for all representations x of f) if and only if 
(h(t) - h(t + u) + h(u) - h{t)h{u) : [a, b]) y = Vo, 6 G J), 

7(t+M) - g(t) Pc w + ^ + ")- g ^ Pc (Q + 



-q(t)q(u) + h(t + u) : [a, b]\ =0 Vo, 6 G q, 
/i(t + n) -h{t) + _ ft _ \ = Q Vq ^ 6 ^ 

g(t) + + U \~ h{u) Pc(t) - q(t)h(u) : [a, &]) =0 VaGq,&Gf). 
* / y 



The last two equations are identical. As in [18] we see that these equations are verified for any 
Lie symmetric pair (g, a) if and only if the functional equations in the statement of the theorem 
are satisfied. □ 

We study the functional equations of Theorem 14.41 

Lemma 4.3. i) Equation U28\) has an unique solution h(t) G IKo[[£ 2 ]] such that h(0) = 0. It is 
h = 0. 

ii) Equation U28\) has an unique solution h(t) G Ko[[t 2 ]] such that h(0) is invertible. It is 
h = l. 

Proof, i) If h(0) = we can divide the equation $2E§ by t getting zM*+lp±M = ^L(h(u) - 1). 
The evaluation at t = gives —h'{u) = h'(0)(h(u) — 1). As h(u) = h{—u) we have h'(0) = 0, so 
h'(u) = and h(u) is constant. This proves i). 

ii) Evaluating at t = we get = h(0)(h(u) — 1). If h(0) is invertible, the unique solution is 
h(u) = 1. □ 



Remark 4.5. If h = 0, equation $130\) gives q = 0. In this case, X does not depend on x- It 
is the tensor product of the representation C c in S(q) with the trivial representation of g in the 
module V . 



We now consider the more interesting case h = 1. Equations (I128P and (|130l) are satisfied, 
and equation (1129(1 becomes 

q(t + u) — q(t) , , o(i + it) — o(n) , . , s , s 

131 ^ ^PcM + i Pc(t) = q(t)q(u) - 1. 

u t 

We introduce 

/ t \ °° (2 2n — \)t 2n ~ l 1 1 

(132) Ut) = ~ th (- ) = -2 £ ^ 2n)! = " ^ + 24^ + ' ' ' " 

v 7 n=l 

Remark 4.6. T/ie Taylor series ofth(t) is of course well known. However, since it plays a role 
in the proof of theorem \4-6\ below, we remark that (CLUJ) follows from {11$ and the relation 

(133) q c (2t) = Pc(t) 7 c(2t) , 
which is equivalent to the identity th(i) + coth(i) — 2coth(2i) = 0. 

Proposition 4.1. The function q c is the unique solution q G iKo[[t]] of the functional equation 

mm- 

Proof. Since q(0) = 0, the evaluation at u = of (I13ip gives 

q'(t)c + ^-p c (t) = q'(t)c + q(t) coth(-) = -1. 
t c 

This differential equation has exactly one solution such that q(0) = 0, because the equation 

recursively determines all the coefficients of q. For instance, for the first one we obtain q\c+q\c = 

— 1 and q\ = which is compatible with (|132p . This solution is of course q c , and one checks 

that q c also satisfy the functional equation (|13ip . □ 

We summarize the main result of this section. Let c G Kq. We denote by g 3 a — > 0" G 
F(q, i)) the linear map such that 

(134) 9 a c = a for a G f), and 9 a c = q c (&dy)(a) for a G q. 

We use the notation CjX = CjXj i i(JcjSi(7 (see formula (|125p ). For a G f), 0" x does not depend 
on a It is the natural endomorphism of S(q) ® V coming from the adjoint action of a in 5(q) 
and from the action x( a ) m V- For a G q, we have 

(135) 6« x = C c a ® idy + (id 5(q ) ®X o 9?) o A s(q) . 

Corollary 4.1. i) G CjX is a representation of g in S(q) ® V. 
ii) I c ® idy intertwines 0i )X an d ®c,x- 

We use the notations of the beginning of this section. The following theorem contains theorem 
I4.3l as a particular case. We recall the notations a a , a", 9 a , Of from proposition 13. 1 1 and formulas 
(fTTHl) . (TTMl) . 

Theorem 4.5. i) For a G 0, we have l X:Cl = 0y x - 
ii) For a G Q, we have a a = a\ and 9 a = 9f. 

Proof, i) We extend 0y x to a map from U(g) to End(5(q) ® V). Since h = 1 it induces the 
well defined map map r : U(q) ®f, V 9 u ® u — > @i iX (l ® G S'(q) ® V (recall formula (|126p ). 
By definitions, r intertwines the left multiplication in U(g) ®^ V and the representation 0y x 
in S(c\) ® V. As in the proof of theorem 14.31 we see that r o (/3 ® idy) is the identity map of 
5(q)®V. 

ii) It is a rephrasing of i). □ 

Remark 4.7. When = 0o ffi 01 «s a Lie superalgebra over a field of characteristic zero, and 
f) = 00; the formula Z Xifl = @i x is c?we to Koszul [13]. For rea/ analytic symmetric space, the 
function th(|) occurs in |22j . 
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We get a similar result for the coinduced representation F(G/H,V), and the corresponding 
representation in .F(q, V"). Indeed: from ([80]) and theorem 14.51 we obtain the following corollary. 

Corollary 4.2. For a £ g, we have 

(136) -Cx,a = -Ca ? +xW)- 

4.3. The Jacobian of the exponential map for a symmetric pair. In this subsection, 
we assume that q is free of finite rank and we compute the Jacobian of the exponential map 
q — > G/H, as defined by formula (|97l) . 

Let (e,)i<j< n be a basis of q, and (x*)i<i< n be the dual basis of q*. Then F(q) = Kffx 1 , . . . , x n ]]. 
The generic point y of q is equal to y = Yl e % x% e -P(q, q) = q (8> -P(q). Since F(q,g) = 
F(q, fj) © F(q, q), we consider y as an element of the Lie i ? (q)-superalgebra F(q,g). 

If k G 2N, ad fc (y) stabilizes q <g> F(q) and we denote by str q (ad fc (y)) G i ? (q)o its supertrace, 
which is an homogeneous polynomial of degree k in the x l . More generally, for w(t) = wq + 
u>2^ 2 + • • • G K.o[[i 2 ]], str q (w(ad y)) is defined and we have the Taylor expansion 

(137) str q (w(ady)) = ^ w k str q (ad*(i/)) G F(q) . 

fc>0 

Similarly, for r(i) = 1 + r2t 2 + ••• G Ko[[t 2 ]], r(ady) induces an even invertible i ? (q)-linear 
transformation of q <8> F(q). We denote by Ber q (r(ady)) its Berezinian. 
For c G Kg we define 

, \ /sh(ad^)\ 

(138) J c := Ber q ^ G F(q) , 

and 

(139) w c (i) = log f ^1 G t 2 K [[t 2 ]]. 



Because of formula (|114p and 

1 ^ /'A A 1 Pc(*)-Pc(0) 



(140) w' c (t) = ^coth ^* 



c/ / Pc(0) 



we have 

00 2 2n t 2n i i 

(141) w c (i) = ^&2n^ ; — rr = ~^t 2 — T t A + 

v ; V ; ^ c 2n 2n(2n)\ 6c 2 180c 4 

n=l 

Because of (l30l) we obtain 



(142) J c = exp(str q (u; c (ady))) . 
We write the beginning of the resulting Taylor expansion of J c : 

(143) J c = 1 + s tr q (ad 2 (y)) - str q (ad 4 (y)) + J- str 2 (ad 2 (y)) + ■ ■ ■ 

We start with some computations on supertraces needed in the proof of theorem 14.61 For 
a G q and i, j G N such that i + j G 2N + 1, the element ad* (y) ad a ad- 7 (y) of End^( q )(g (g> F(q)) 
stabilizes q © -F(q)- Let i and u be even formal variables. We use the notation 

(144) S(fu j : a) = str q (ad l '(y) ad a &d j (y)) . 

Let k(t,u) = ^ijxjkijtfui G K[[t,u]] be such that kij = if i + j G 2N. We define the locally 
finite sum 

(145) S(k(t, u):a)=Y^ hjS{tu j : a) G F{q). 

ij>0 



For example, for q(t) G tKo[[t 2 ]] we have q(ady)(a) G F(q,f)), and ad(g(ady)(a)) stabilizes 
q <8> -F(q). We have 

(146) str q (ad(g(ady)(a))) = S(q(t - u) : a). 

Lemma 4.4. S((t 2 - u 2 )k(t,u) : a) = 0. 

Proof. It is sufficient to prove it for a monomial k = t l u J . Let Y and X be the restrictions 
of ad 2 (y) and ad* (y) ad a ad J (y) to q F(q). Since Y is even, we have str q (YX) = str q (XY) 
which proves the lemma. □ 

Let g(t) = go + g2t 2 + • • • € Ko[[i 2 ]]. We consider the vector field g(ady)(a) on q. 
Proposition 4.2. We have 

g(t) - g{t - u ) 



div(C g (ad2/)(a)) = S ^~ 



: a 



u 



Proof. It is sufficient to prove the statement for a monomial g(t) = t n with n even. We argue 
like in the proof of proposition 12.21 replacing x with y, and str with str q . Proposition 14.21 is 
equivalent to formula (|54"1) . □ 



Let r(t) = r + r 2 t 2 H G K [[t 2 ]]. We consider the function str q (r(ad y)) G F(q). 

Proposition 4.3. We have 

C 9 (ad^)(a) (str q (r(ady))) = S ( — - — s(t - u) : aj . 

Proof. It is sufficient to prove the statement for a monomial r(t) = t n with n even. We argue 
like in the proof of proposition 12.31 replacing x with y, and str with str q . Proposition 14.21 is 
equivalent to formula □ 

Lemma 4.5. Let c G Kq • -For all a £ g we have 

(147) Cag (str q (u; c (ady))) + divQ - str q ((9 c a ) = 0. 

Proof. We first consider the case a G q. From the definition (I116|) of a" and propositions 14.31 
and 14.21 we obtain 

(148) Cag (str q K(ady))) = 5 ^ c( *| ~ ^ c(u) p c (t - «) : oV 
and 

(149) divC ag =gf- Pc(t) " Pc(t "" ) =a 



u 

From the definition (|134|) of 0° and equation (|146f) we obtain 

(150) -str q (0*) = -S(q c (t-u) : a). 
Thus, the left hand side of (|147p is equal to S(s(t,u) : a) with 

W c (t) - W c (u) p c (t) -p c (t-u) 

s(t, u) := p c (t -u) q c (t - u). 

t — u u 

Lemma H3] shows that to prove (I14?p . it is sufficient to prove that s(t,u) belongs to the ideal 
(t 2 — u 2 )Ko[[t, u]]. For this, it is sufficient to prove that we have s(t,t) = and s(t, —t) = 0. 
We have (see (USD ) 

/. .s //.x / n x Pc(*) -Pc(0) , ,x P c (t)-p c (2t) 

(151) t) = io c (t)p c (0) and s(t, -t) = ? c (2t). 

Strangely enough, we already noticed the relation s(t, t) = in formula (|140|) and the relation 
s(t,-t) = in C33J). 



•J u 



ivixv^xx mi-i u \j i 1 1 v i nil u uivin.ii \j uun ± _l i i - \ v v < i 



Last, we consider the simpler case a G h. The proof is the same with p c (t) replaced by — t, 
and q c (t) replaced by 1, We have s(t, t) = - 1 = and s(t, -t) = ^±2* -1 = 0. □ 

Theorem 4.6. Let g = f)©q be a symmetric pair such that q is free of finite rank. The Jacobian 
J G F(q) of the exponential map q — > G/i? is given by the formula J = J\, 

Proof. We verify that J\ satisfies the conditions of lemma l3.3l We already showed that 5{J\) = 1 
in formula (I143|) . Let c G K . For a vector field a G F(q, q) we get from ([30]) the relation 

= C« (str q (w c (ady))) . 

Let a G 0. We recall the notations a° G F(q, q) and 9® G F(q,h) in theorem [431 The second 
condition (l98l) of lemma l3~3l follows from lemma [431 choosing c = 1. □ 

4.4. Gorelik elements. We recall the definition (pQ) of the twisted adjoint representation ad' 
of g in U(g). We extend ad' to a representation of U(g) in U(g) and we consider the map 
7 : U(q) — > U (0) defined by 

(152) j(u) = ad'(n)(l) for u G U(g). 

Remark 4.8. By definition the map 7 intertwines the left regular representation and the twisted 
adjoint action. 

Moreover, since ad' (a)(1) = ad(a)(l) = for a G f), the map 7 gives a map 

(153) 7 : U(q)/U{q)\) - U(q). 

Lemma 4.6. (Gorelik [9j). We have 7 o f3\s(q) = (3 o I 2 . 

For example, for b G q, we have 7(6) = ad'(6)(l) = bl — la(b) = b + b = 2b. Thus 7 is an 
isomorphism of coalgebras from U(g)/U(g)f) to (3(S(q)). 

Proposition 4.4. i) The submodule f3(S(q)) C U(g) is stable under the twisted adjoint 
action; 

ii) as a Q-module it is isomorphic to U(g)/U(g)t); 

iii) the map (3 : S(q) — > ^(^(q)) intertwines the representation C2 with the twisted adjoint 
action. 

Remark 4.9. The first assertion is due to [I], the second to [9], and the last one follows from 
remark \J7fy lemma \J7b\ theorem \4-3[ and remark \J^ 



We assume moreover that the dimension of q is (0, q) and that the unimodularity condi- 
tion ffTO]) holds. Let (ej)i<j< g be a totally ordered basis of q, and (x % ) the dual basis of q*. We 
have F(q) = Kfx 1 , . . . ,x q ] and the formal sum (I143p which defines J c is finite. We recall that, 
by theorems 13.11 and 14.61 the element 

P(J 1 e 1 ...e q )eU(g)/U(g)[ } 

is basis of the K-module of 0-invariant elements of U(g)/U(g)t), and a basis of U(g) /U(g)t) as 
a F(G/#)-module. 

Theorem 4.7. Let = f) q be a symmetric pair such that q is free of finite rank (0, q) and 
such that the unimodularity condition U0\) holds. Let (ej)i<j< 9 be a totally ordered basis of q. 
The element [3{J2&i ■ ■ ■ e q ) G U(g) is a basis of the ^-module of the invariants of the twisted 
adjoint action of g in /3(S(q)). 

Proof. Recall that J\e\ ... e g is an invariant for the representation 3 a — ► Cf (see theorem 14.31 
ii). Then the theorem follows from proposition 14.41 part iii, remark l4~2l and I C {J\Z\ ■■■e q ) = 
c q J c e\ . . . e q . □ 



The following corollary is the particular case of theorem 14.71 corresponding to IK = Ko, f) = go, 
and q = Si free of finite rank. We state it in the conditions of the introduction. 

Corollary 4.3. Let = 0o © 01 be a Lie superalgebra of finite dimension (p,q) over a field K 
of characteristic 0, and d € S q (gi) with d ^ 0. Assume that the unimodularity assumption flp 
holds. Then (3{J2d) is a Gorelik element ofU(g). 
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